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Chap 3  First-Order Linear Circuits 

   

  

3.1 Laplace Transform 

 Laplace transform of ( )f t , 0t   

(3.1-1) ( )  ( )
0

stf t f t e dt


−= L   or  ( ) ( )
0

stf̂ s f t e dt


−=   

 Laplace transform of ( )f t , 0t   

(3.1-2) ( )  ( ) ( )0ˆf t sf s f = −L  

Prove: ( )  ( ) ( ) ( ) ( )
00 0 0

st st st st

t t
f t f t e dt e df t e f t f t de

  
− − − −

= =
 = = = −  L  

       ( ) ( ) ( )
0

              0s st

t
e f f s f t e dt


−  −

=
=  − +   

If ( ) 0Re s  , we have ( ) 0se f−   =  and thus 

 ( )  ( ) ( ) ( ) ( )
0

0 0st

t

ˆf t f s f t e dt sf s f


−

=
 = − + = −L  
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 Laplace transform of ( )
0

t

f d  , 0t   

(3.1-3) ( )  ( )
0

1t ˆf d f s
s

  =L  

Prove: Let ( ) ( )
0

t

g t f d =  , then ( )0 0g =  and ( ) ( )g t f t = .  

From (3.1-7), we have ( )  ( )  ( ) ( ) 0g t s g t g s g t = − =L L L  

i.e., ( )  ( ) 
1

g t g t
s

=L L  or ( )  ( )  ( )
0

1 1t ˆf d f t f s
s s

  = =L L  

 Laplace transform of ( )ate f t−
, 0t   

(3.1-4) ( )  ( ) ( ) ( ) ( )
0 0

s a tat at st ˆe f t e f t e dt f t e dt f s a
  − +− − −= = = + L  

 ( ) f tL  for ( ) 1f t = , t, ate− , j te  , 0t  .  

(3.1-5)  
00 0

1 1 1
1 1 st st st

t
e dt de e

s s s

  
− − −

=
=  = − = − = L  

(3.1-6)   ( ) 200 0 0

1 1 1st st st stt t e dt t de te e dt
s s s

  
− − − −=  = −  = − − =  L  

(3.1-7)   ( )

0 0

1s a tat at ste e e dt e dt
s a

  − +− − −= = =
+ L  

(3.1-8)   2 2 2 20

1j t j t st s
e e e dt j

s j s s

  

  


−= = = +

− + +L  

 Since    j te cos t j sin t  = +L L  and ( )  ( )at ˆe f t f s a− = +L , we have 

(3.1-9)    ( ) 2 2

j s
cos t Re e

s




= =
+

L L  

(3.1-10)    ( ) 2 2

jsin t Im e
s

 



= =

+
L L  

(3.1-11)  
( )

2

1atte
s a

− =
+

L  

(3.1-12)  
( )

2 2

at s a
e cos t

s a




− +
=

+ +
L  

(3.1-13)  
( )

2 2

ate sin t
s a






− =
+ +

L  
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3.2 RC Circuit 

 Capacitor model with initial voltage ( ) 00C Cv v=  

(3.2-1) ( ) ( )0
0

1 t

C C Cv t v i d
C

 = +   

(3.2-2) ( )
( )

( )

( )

( )0 01 1
    

C

CC C
C C C

z s

î sv v ˆˆ ˆv s v s i s
s C s s sC

 
= +  = + 

 
 

( )
1

Cz s
sC

=  : impedance of capacitor. 

 

3.2.1 RC Circuit with Voltage Source 

  

 Mathematic model 

(3.2.1-1) ( ) ( ) ( ) ( )0 01 1C C
T T C C T C

v vˆ ˆ ˆv̂ s R i s i s R i s
s sC sC s

 
= + + = + + 

 
 

 ( ) ( ) ( )
1

0 01
 

1 1

C C
C T T T

T T

v CvsCˆ ˆ ˆi s R v s v s
sC s sR C sR C

−

  
 = + − = −   

+ +   
 

 ( ) ( ) ( )0 01
 C C

C C T

v v aˆˆ ˆv s i s v s
s sC s a s a

 = + = +
+ +

,   
1

0
T

a
R C

=    

 ( ) ( ) ( )1 10
0 atC

C T C Cp

v a
ˆv t v s v e v t

s a s a

− − −   
 = + = +   

+ +  
L L  

 Neglect initial voltage 0Cv  as t →  

(3.2.1-2) ( ) ( ) ( )1

C T Cp

a
ˆv t v s v t

s a

−  
= = 

+ 
L  

Since a>0, 
0

at

Cv e−  will vanish as t → , and then ( ) ( )C Cpv t v t=  depends 

only on the source ( )Tv t .  
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 Constant voltage source ( )T Tv t V=  or ( ) T
T

V
v̂ s

s
=  

(3.2.1-3) ( ) ( )0 0C C T T
C T

v v V Va
ˆ ˆv s v s

s a s a s a s

−
= + = +

+ + +
   

 ( ) ( ) ( )0 0 1at at at

C C T T C Tv t v V e V v e V e− − − = − + = + −  

As t increases, 
0

at

Cv e−  is gradually ignorable and finally ( )C Tv V =  depends 

only on the source 
TV . 

 Sinusoidal voltage source ( )Tv t cos t=  or ( ) 2 2T

s
v̂ s

s 
=

+
 

(3.2.1-4) ( ) ( )
( )( )

0 0

2 2

C C
C T

v va as
ˆ ˆv s v s

s a s a s a s a s 
= + = +

+ + + + +
 

It can be obtained that 

(3.2.1-5) 
( )( ) 2 22 2

as s

s a ss a s

  



+
= +

+ ++ +
 

 
( ) ( )

( )( )

2 2

2 2
                        

s a s a

s a s

     



+ + + + +
=

+ +
 

  0  + = , a a + = , 
2 0a + =  

 
( )

2

1
 

1 TR C



 = −

+
. 

( )
2

1

1 TR C



=

+
, 

( )
2

1

T

T

R C

R C





=

+
 

Hence, ( ) 0

2 2

C
C

v s
v̂ s

s a s

  



+ +
= +

+ +
, i.e., 

(3.2.1-6) ( ) ( )0

at

C Cv t v e cos t sin t    −= + + +  

 As t increases, we have 

(3.2.1-7) ( ) ( ) ( )2 2

Cv t cos t sin t cos t Acos t         = + = + + = +   

where 

( )
2

1

1 T

A
R C

=
+

<1 and ( )1 1 0Ttan tan R C


 


− − 
= − = −  

 
. 

 A sinusoidal source ( )Tv t cos t=  results in ( ) ( )Cv t Acos t = + , which is 

possessed of the same frequency , but with smaller magnitude A<1 and delay 

phase  <0.   
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3.2.2 RC Circuit with Current Source 

  

 Mathematic model 

(3.2.2-1) ( )
( )

( )
( )

( )C C

N C C

N N

v t v t
i t i t C v t

R R
= + = +  

 ( ) ( ) ( )
1 1

 C C N

N

v t v t i t
R C C

 + = ,   ( ) 00C Cv v=  

Taking Laplace transform results in 

(3.2.2-2) ( ) ( ) ( )0

1 1
C C C N

N

ˆˆ ˆs v s v v s i s
R C C

− + =  

 ( ) ( ) ( ) 0 C N N C
ˆˆs b v s bR i s v + = +     

1

N

b
R C

 
= 

 
 

 ( ) ( ) 0 N C
C N

bR vˆv̂ s i s
s b s b

 = +
+ +

 

 ( ) ( )1

0 btN
C N C

bR ˆv t i s v e
s b

− − 
 = + 

+ 
L  

Example: Determine ( )Cv t . 
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3.3 RL Circuit 

 Inductor model with initial current ( ) 00L Li i=  

(3.3-1) ( ) ( )0
0

1 t

L L Li t i v d
L

 = +   

(3.3-2) ( )
( )

( )

( )

( )

1

0 01 1
    

L

LL L
L L L

z s

v̂ si iˆ ˆ ˆi s i s v s
s L s s sL

−

 
= +  = + 

 
 

( )Lz s sL= : impedance of inductor 

3.3.1 RL Circuit with Current Source 

  

 Mathematic model 

(3.3.1-1) ( )
( ) ( )

( )0 01 1L LL L
N L

N N

ˆ ˆv s v si iˆ ˆi s v s
R s sL R sL s

 
= + + = + + 

 
 

 ( ) ( ) ( )
1

0 01 1
 L N N L

L N N

N N N

i sR L R Liˆ ˆv̂ s i s i s
R sL s R sL R sL

−

   
 = + − = −   

+ +  
 

 ( ) ( ) ( )0 01
 L L

L L N

i i aˆ ˆˆi s v s i s
s sL s a s a

 = + = +
+ +

,   NR
a

L
=  

 ( ) ( ) ( )1 10
0 atL

L N L Lp

i a ˆi t i s i e i t
s a s a

− − −   
 = + = +   

+ +  
L L  

 Neglect initial current 0Li  as t →  

(3.3.1-2) ( ) ( ) ( )1

L N Lp

a ˆi t i s i t
s a

−  
= = 

+ 
L  

Since a>0, 
0

at

Li e−  will vanish as t → , and then ( ) ( )L Lpi t i t=  depends only 

on the source ( )Tv t . 
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 Constant current source ( )N Ni t I=  or ( ) N
N

I
î s

s
=  

(3.3.1-3) ( ) ( )0 0L L N N
L N

i i I Iaˆ ˆi s i s
s a s a s a s

−
= + = +

+ + +
   

 ( ) ( ) ( )0 0 1at at at

L L N N L Ni t i I e I i e I e− − − = − + = + −  

As t increases, 
0

at

Li e−  is gradually ignorable and finally ( )L Ni I =  depends 

only on the source 
NI  

 Sinusoidal voltage source ( )Ni t sin t=  or ( ) 2 2Nî s
s




=

+
 

(3.3.1-4) ( ) ( )
( )( )

0 0

2 2

L L
L N

i ia aˆ ˆi s i s
s a s a s a s a s




= + = +

+ + + + +
 

It can be obtained that 

(3.3.1-5) 
( )( ) 2 22 2

a s

s a ss a s

   



+
= +

+ ++ +
 

 
( ) ( )

( )( )

2 2

2 2
                       

s a s a

s a s

     



+ + + + +
=

+ +
 

 
2 0, 0, a a a       + = + = + =  

 
( ) ( ) ( )

2 2 2

1
 , , 

1 1 1

N N

N N N

L R L R

L R L R L R

 
  

  
 = = − =

+ + +
.  

Hence, ( ) 0

2 2

L
L

i s
î s

s a s

  



+ +
= +

+ +
, i.e., 

(3.3.1-6) ( ) ( )0

at

L Li t i e cos t sin t    −= + + +  

 As t increases, we have 

(3.3.1-7) ( ) ( ) ( )2 2

Li t cos t sin t sin t Asin t         = + = + + = +  

where 

( )
2

1

1 N

A
L R

=
+

<1 and ( )1 1 0Ntan tan L R


 


− − 
= = −  

 
. 

 A sinusoidal source ( )Ni t sin t=  results in ( ) ( )Li t Asin t = + , which is 

possessed of the same frequency , but with smaller magnitude A<1 and delay 

phase  <0. 
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3.3.2 RL Circuit with Voltage Source 

   

 Mathematic model 

(3.3.2-1) ( ) ( ) ( ) ( ) ( )T T L L T L Lv t R i t v t R i t Li t= + = +  

 ( ) ( ) ( )
1

 T
L L T

R
i t i t v t

L L
 + = ,   ( ) 00L Li i=  

Taking Laplace transform results in 

(3.3.2-2) ( ) ( ) ( )0

1T
L L L T

Rˆ ˆ ˆsi s i i s v s
L L

− + =  

 ( ) ( ) ( ) ( )0 0

1
 L T L T L

T

bˆ ˆ ˆs b i s v s i v s i
L R

 + = + = +     TR
b

L

 
= 

 
 

 ( ) ( ) 0 LT
L T

ib Rˆ ˆi s v s
s b s b

 = +
+ +

 

 ( ) ( )1

0 btT
L T L

b / R
ˆi t v s i e

s b

− − 
 = + 

+ 
L  

Example: Determine ( )Li t . 

  

  


