Introduction to Electric Circuit Chap 3 First-order Linear Circuits

Chap 3  First-Order Linear Circuits
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3.1 Laplace Transform
*  Laplace transformof f(t), t>0
(311 e{f(t}=] f(t)esdt or f(s)=[ f(t)edt
«  Laplace transform of f'(t), t>0
(3.12)  £{f'(t)}=sf(s)-f(0)
Prove: £{f'(t)}= jo“’f( )edt = j e~'df (t)= -stf()\O—Li’of(t)ole-st
e f (o +sj e *'dt

If Re(s)>0,wehave e*f(0)=0 and thus
£{f'(t) (0)+s[ " f(t)edt=sf (s)-f(0)
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Laplace transform of I;f(r)dr, t>0

(3.1-3) ﬁ{j; f (r)dr} :% f(s)
Prove: Let g(t):j;f(r)dr,then g(0)=0 and g'(t)=f(t).
From (3.1-7), we have £{g'(t)}=s£{g(t)}-g(0)=s£{g(t)}

e, £{g(t)==£{g(t)} or B{j;f(r)dr}z—ﬁ{f(t)}:
Laplace transform of e™f(t), t>0

(31-4) el f()f=["ef(t)edt=["f(t)e™dt=T(s+a)
L{f(t)} for f(t)=1,t, e, e, t>0.

0 _s _ 1 o —st 1 Y
(315)  £{l=[le tdt_—gjo de ™ =— e

® -s 1 -s 1 —st|® © g 1
R

_af O _at-s © _—(s+a 1
(3.1-7) B{e t}:J'O e e tdt:J‘0 e )‘dtz—sJra
e 1 .

Since £{e’|=£{cosat+ jsinat} and L£{e™f(t)}=f(s+a), we have

(319)  £{oosat)=Re(L{e"})=
(31-10)  £{sinot}=Im(£{e"})= : j_)a)z
(31-11) £{te™}= (Sja)z

(31-12) £{e™coswt}= (H:)r—za_mz
(31-13)  £{e™sinat)= ﬁ
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3.2 RC Circuit

. Capacitor model with initial voltage v, (0)=Vv,

(3.2-1) %aywm+éﬁg@mf

(3.2-2) Ve (s):vc?o+é£f‘3@} = Ve (s):VC_°+ L I (s)

Z.(s)= % : impedance of capacitor.

3.2.1 RC Circuit with Voltage Source
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. Mathematic model
. P V, 1. P V,
(32.1-1) Vi (s)=Ryic(s)+-&+—i.(s)= (RT+—)IC (s)+—<2

1Y* Vv sC Cv
4 =| R +— v _Yco | _ v _ co
= 1k (s) [T+sc) (VT(S) sj 1+sRTcVT(S) 1+3sR.C

. Neglect initial voltage v., as t—>oo

(3212) %UkE{JLﬂ@%=%U)

S+a

Since a>0, V.,e™ will vanish as t—oo, and then v, (t)=Vv.,(t) depends

only on the source V; (t).
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+  Constant voltage source v; (t)=V; or V;(s)=—"

s
Y/ a V., =V V.
3.21-3) V. (s)=—0 4+ — y (s)=-C0 T, T
( ) %e(s) s+a s+a (5) s+a S

= Vo (1) =(Vgo —V5 )e ™ +Vy =v e +V, (1-e™)
As tincreases, vg,e ™ is gradually ignorable and finally v (c0)=V; depends

only on the source V;.

. Sinusoidal voltage source v; (t)=cosamt or \7T(s)=szj >
(4]
\Y; a V as
3.2.1-4) Vo (s)=—L+——V (s)=—°
( ) Vc(s) S+a+S+aVT(S) s+a+(s+a)(sz+w2)

It can be obtained that

3215 as __a  pstie
( ) (s+a)(s*+a”) sta S tal

_(a+p)s’+(Ao+ap)s+alo+an’
- (s+a)(sz+a)2)

= a+ =0, lw+af=a, alo+aw’ =0
1 1 P R,Cw

= a:——z. ﬂ:—z’ = 2
1+(R.Co) 1+(R.Co) 1+(R.Cw)

=vco+a+ﬂs+/1a) .

Hence, V. (s) PRt

(3.2.1-6) V. (t)=(Veo+a)e™ + fcosat+ Asinwt

. As t increases, we have

(32.1-7) V. (t)=Bcosat+Asinwt =+/B° + A% cos(awt+6)= Acos(wt+6)

where A:;zﬂ and 49:—tan‘l(i):—tan‘l(RTCa)kO.
1+(R.Co) s

«  Asinusoidal source Vi (t)=cosat results in v, (t)=Acos(wt+6), which is

possessed of the same frequency , but with smaller magnitude A<l and delay

phase 6<0.
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3.2.2 RC Circuit with Current Source
[ A fc{l‘)

Chap 3 First-order Linear Circuits

(D "2 s |

- v (t)+RNLCvC (t)=éiN (1),

Taking Laplace transform results in

(32.2:2) sV (S)-Vg, +%\7C (s) :éfN (s)

N

= (s+b)V. () =bRyiy (8)+Ve,

Example: Determine v (t).

Rl R3 4
AW —'ch(r)
cosot + c +
R § v, <¢> — v(t)
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3.3 RL Circuit

. Inductor model with initial current i_(0)=i,

(3.3-1) iL(t):iL0+%I;vL(r)dr

- i 1(V, (s - i 1 .
(3.3-2) |L(s):%+t(¥] = |L(s):%+ o v (s)
z;t s)
z, (s) =sL: impedance of inductor
3.3.1 RL Circuit with Current Source
Y . T —Y )
E in?) i + L Iy (5) I I *
: Rvg : Rvd == ).
E D % i V(1) % C‘D S<¢ I‘L(3)§3L

. Mathematic model

(33.1-1) iy (s) HONPRACNE (i+i}\7L (S)+iL_o

. Neglect initial current i, as t—>oo

(3312) i (t)=£" {i i (s)} i, (1)

—at

Since a>0, i e will vanishas t—oco,and then i (t)=i,,(t) depends only

on the source V; (t).
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*  Constant current source iy (t)=1, or fN(s):I?N

- i a - i I
3.3.1-3 —to 8§ (s)=tuly
( ) k() s+a+s+a|N(S) s+a

+

N
S

= i () =(ipo—ly)e ™ +1y =i e+ (1-e™)
As t increases, i e is gradually ignorable and finally i (0)=1, depends

only on the source 1

. Sinusoidal voltage source iy (t)=sinwt or iy (s)= .
(3.3.1-4) fL(S)=h‘—0+if (S): Io n aw

s+a s+a s+a (s+a)(sz+a)2)

It can be obtained that

3315 aw __a  pstie
( ) (s+a)(s*+a”) sta S tal

(a+p)s’ +(Aow+apf)s+alo+aw’
- (s+a)(s’+o’)

= a+ =0, Ao+af =0, alo+aw® =aw

1+(LoR, ) 1+(Lo/R,)

C1+(Lo/R )

Lo/R, B Lo/R, 1 1

iLO+a+ﬂs+/1a) ,
s+ta S’+w?

Hence, i, (s)=
(33.1-6) i (t)=(i, +a)e™ + Bcoswt+Asinat

. As t increases, we have
(33.1-7) i (t)=pBcoswt+Asinwt =4/ B+ A% sin(wt+6)= Asin(wt+0)
1

where A= <land f=tan™ (ﬁj =—tan™ (Leo/Ry ) <0.
J1+(Lo/R, ) A

* A sinusoidal source iy (t)=sinet results in i_(t)=Asin(wt+0), which is

possessed of the same frequency e, but with smaller magnitude A<l and delay

phase 6<0.
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3.3.2 RL Circuit with Voltage Source

i T (5)

! AW—i | .

: %0 R i + | Vr (5) R : 10 +

: o L Tk

! b , + I

O | wi i C RO &

. Mathematic model

(3.3.2-1)  v; (t)=Ryi (t)+v, (t)=Rei, (t)+Li/(t)

!

=i (t)+TiL (t)= oW (t), i.(0)=i,

Ry Rs i

AW W— ]’

e +
Sinot D R §+V2 <¢> I % v,
— gvz -
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